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In this paper we study the formation of bound states in the continuum in a quantum dot molecule
coupled to leads. Based in the combination of bound states in the continuum and Fano effect, we
propose a new design of a spin-dependent polarizer. By lifting the spin degeneracy of the carriers in
the quantum dots by means of a magnetic field the system can be used as a spin-polarized device.
A detailed analysis of the spin-dependent conductance and spin polarization as a function of the
applied magnetic field and gate voltages is carried out.
I. INTRODUCTION
Spintronics is a wide field of research that exploits the
spin degree of freedom of the electrons1. In spintronics,
the precise control of spin currents leads to new func-
tionalities and higher efficiencies than conventional elec-
tronics. In the last years, there have been a renewed
interest in the design and use of nanostructures as spin-
tronic devices in which the spin degree of freedom is used
as the basis for their operation2–6. These devices exploit
the natural connection between the conductance and the
quantum-mechanical transmission, in order to generate
and detect spin polarized currents.
The quantum dots are suitable systems to be used
as spintronic devices. They are artificial nanostructures
in which electrons can be confined even in all space di-
mensions7,8, resulting in charge and energy quantization.
Both features present in real atomic systems, so useful
analogies between real and artificial atomic systems have
been exploited recently. By enforcing this analogy, ef-
fects like Fano9 and Dicke10 have also been found to be
present in quantum dot configurations. In this context,
Song et al.4 described how a spin filter may be achieved in
open quantum dot systems by exploiting the Fano reso-
nances occurring in their transmission characteristics. In
a quantum dot in which the spin degeneracy of a carrier
has been lifted, they showed that the Fano effect might
be used as an effective means to generate spin polariza-
tion of transmitted carriers. The electrical detection of
the resulting spin polarization should then be possible.
In a previous work11, we have shown that in a side-
coupled double quantum dot system the transmission
shows a large peak-to-valley ratio. The difference in en-
ergy between the resonances and antiresonances can be
controlled by adjusting the difference between the energy
levels of the two quantum dots by gate voltages. The
above behavior in the transmission is a result of the quan-
tum interference of electrons through the two different
resonant states of the quantum dots, coupled to common
leads. This phenomenon is analogous to the Dicke effect
in quantum optics which takes place in the spontaneous
emission of two closely lying atoms radiating a photon
into the same environment. In the electronic case, how-
ever, the decay rates (level broadening) are produced by
the indirect coupling of the up-down QDs, giving rise to a
fast (superradiant) and a slow (subradiant) mode. Also,
M. L. Vallejo et al.12 have shown that the coexistence of a
bound state in continuum (BIC) and Fano antiresonance
can be exploited to result in polarizations close to 100%
in wide regions in the space of used parameters.
The existence of BICs was predicted at the dawn of
quantum mechanics by von Neumann and Wigner13 for
certain spatially oscillating attractive potentials, for a
one-particle Scho¨dinger equation. Much later, Stillinger
and Herrick14 generalized von Neumann’s work by an-
alyzing a two-electron problem, they found BICs were
formed despite the interaction between electrons. BICs
have also shown to be present in the electronic transport
in meso and nanostructures15–19. Several mechanisms
of formation of BICs in open quantum dots (QDs) have
been reported in the literature. The simplest one is based
on the symmetry of the systems and, as a consequence,
in the difference of parity between the QD eingenstates
and the continuum spectrum20.
In the present work, we study the formation of BICs in
a system formed by a quantum dot coupled to two leads
with a side attached molecule. We show that the com-
bination of BICs and Fano effect can be used to design
a spin filter. By tuning the positions of BICs and Fano
antiresonances with a magnetic field and gate voltages,
this system can be used as an efficient spin filter even for
small values of magnetic fields.
II. MODEL
The system is formed by a quantum dot coupled to two
leads with a side attached molecule, as is shown schemat-
ically in Fig. (1, upper panel).
The full system is modeled by a generalized non-
interacting Anderson Hamiltonian, namely H = Hl +
Hm + Hin, where Hl represents the Hamiltonian of the
leads, Hm the Hamiltonian of the embedded quantum
dot with a side attached quantum dot molecule and Hin
20
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FIG. 1. (Color online) Upper panel: Quantum dot coupled
to two leads with a side attached molecule . Lower panel:
Effective model, derived by a decimation process.
represents the interaction between the leads and the em-
bedded quantum dot. We consider each quantum dot
with a single energy level εi,σ (i = 1, ..4). Then,
Hl =
∑
σ ;α=L,R
εkαc
†
kα,σ
ckα,σ , (1)
Hm =
3∑
i=0,σ
εi,σd
†
i,σdi,σ − t
∑
j=2,3,σ
(d†1,σdj,σ + h.c.) (2)
−
∑
σ
ν(d†0,σd1,σ + h.c.) ,
Hin =
∑
σ ;α=L,R
(Vαd
†
0,σckα,σ + h.c.) , (3)
where d†i,σ(di,σ) is the electron creation (annihilation) op-
erator in the i-th QD with spin σ (σ =↓, ↑), the c†kα(ckα) is
the electron creation (annihilation) operator in the lead α
(α = L,R) with momentum k and spin σ; while Vα is the
tunneling coupling between the α lead and the embed-
ded quantum dot. Besides, ν is the coupling between the
embedded quantum dot and the quantum dot molecule
and t the interdot coupling in the side attached quan-
tum dot molecule. We consider a system in equilibrium,
at zero temperature with εi,σ = εi + σεz (i = 0, 1, 2, 3)
where εi is the energy level of the isolated i quantum dot,
εz = gµBB is the Zeeman energy due to the presence of
the magnetic field B, with g the electron Lande´ factor
and µB the Bohr magneton.
By using a re-normalization process based in the the
Dyson equation for the Green’s functions (see the ap-
pendix), we obtained an effective model for the artificial
molecule. Fig.1 (lower panel) displays the effective model
which consists in a single quantum dot coupled to two
lead with an effective energy ε˜0,σ,
ε˜0,σ = ε0,σ +Σm,σ(ε) , (4)
where ε0,σ ≡ ε0 + εzσ
z
σσ¯ , and Σm,σ(ε) is the self-energy
due the presence of the side attached molecule given by
Σm,σ(ε) =
ν2
ε− ε1,σ −
t2
ε−ε2,σ
− t
2
ε−ε3,σ
. (5)
By using the Dyson’s equation G = g0+g0HinG, where
G is the Green’s function of the system and g0 the Green’s
function of the effective quantum dot, the Green’s func-
tion of the effective quantum dot coupled to two lead is
obtained
G0,σ(ε) =
1
ε− ε˜0,σ − Σl(ε)
, (6)
where Σl(ε) is the self energy due to leads.
Once we obtain the Green’s function G0,σ, we can eval-
uate the spin dependent transmission probability τσ by
using the Fisher-Lee relation21
τσ(ε) =
Γ2
(ε− ε˜0,σ)2 + Γ2
, (7)
where Γ = −iΣl, is the effective coupling between the
effective quantum dot with the leads.
The linear conductance G is obtained by the
Landauer’s formula at zero temperature, Gσ(εf ) =
(e2/h)τσ(ε = εf )
22. Then, the linear conductance of the
system is given by
Gσ(εf ) =
e2
h
Γ2
(εf − ε0,σ − Σm(εf ))2 + Γ2
. (8)
The resonances in the linear conductance are obtained
by the equation
εf − ε0,σ − Σm,σ(εf ) = 0 , (9)
while the zeros of the conductance coincide with the poles
of the self-energy Σm,σ(εf ), which correspond to the spec-
trum of the side attached molecule.
For simplicity, we setting the energy levels of the side
attached molecule as, ε1,σ = ε0,σ, ε2,σ = ε0,σ+∆, ε3,σ =
ε0,σ−∆. On one hand, the resonances are obtained from
the eigenvalues of Eq. (2)
2(ε+±,σ − ε0,σ)
2 = ∆2 + ν2 + 2t2 −
√
ξ , (10a)
2(ε−±,σ − ε0,σ)
2 = ∆2 + ν2 + 2t2 +
√
ξ , (10b)
where ξ = (∆2− ν2)2+4t2(∆2+ ν2)+ 4t4. On the other
hand, the antiresonances are obtained from the spectrum
of the side attached molecule, which it is given by,
ω1,σ = ε0,σ , (11a)
ω2,σ = ε0,σ +
√
2t2 +∆2 , (11b)
ω3,σ = ε0,σ −
√
2t2 +∆2 . (11c)
3We can rewritten the self-energy Σm,σ(ε) in terms of
the spectrum of the side attached molecule as following,
Σm,σ(ε) = Σm1,σ(ε) + Σm2,σ(ε) + Σm3,σ(ε) , (12a)
Σmα,σ(ε) =
ν2α
ε− ωα,σ
, (α = 1, 2, 3) , (12b)
ν21 =
∆2ν2
∆2 + 2t2
, (12c)
ν22 = ν
2
3 =
t2ν2
∆2 + 2t2
. (12d)
In order to quantify the degree of spin polarization, we
introduce the weighted spin polarization as4
Pσ =
|τ↑ − τ↓|
|τ↑ + τ↓|
τσ . (13)
Notice that this definition takes into account not only
the relative fraction of one of the spins, but also the con-
tribution of those spins to the electric current. In other
words, we will require that not only the first term of the
right-hand side of Eq. (13) to be of the order of unity,
but also the transmission probability τσ.
III. RESULTS
In what follows all energies will be given in units of the
parameter Γ and we setting t = ν = Γ/2 and ε0 = 0.
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FIG. 2. (Color online) Linear conductance as a function of
the Fermi energy for ∆ = 0 (solid black line), ∆ = 0.1 Γ
(dotted red line) and ∆ = Γ (dashed blue line), in absence of
magnetic field.
In first place, we show results for the linear conduc-
tance in absence of magnetic field. The Fig (2) displays
the linear conductance versus the Fermi energy for ∆ = 0
(solid black line), ∆ = 0.1Γ (dotted red line) and ∆ = Γ
(dashed blue line). For ∆ = 0 the conductance shows
two Fano antiresonances and three resonances. The Fano
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FIG. 3. (Color online) Linear conductance as a function of
the Fermi energy for ∆ = 2Γ (solid black line), ∆ = 3Γ
(dotted red line) and ∆ = 4Γ (dashed blue line), in absence
of magnetic field.
antiresonances arise from the destructive interference be-
tween the continuum state of the embedded quantum dot
and the localized states in the side-attached molecule23.
From Eqs. (12a-c) we can see that when ∆ = 0, the
molecular state with energy ω1,σ = ε0,σ decouples from
the continuum and therefore does not contribute to the
conductance (Σm1,σ(ε) = 0, ν1 = 0). This state becomes
a BIC. This state arises from the hybridization of the
states of the quantum dots 2 and 3 through the quantum
dot 1 and has no projection on the continuum, as it is
shown schematically in Fig. (4). Besides, we see from
Eq. (10a) that two resonances collapse at εf = 0.
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FIG. 4. (Color online) Schematic view of the molecular states
with the embedded quantum dot, for ∆ 6= 0, (upper panel)
and ∆ = 0 (lower panel).
When ∆ is turned on, this BIC becomes a quasi BIC,
4Now, this state contributes with an extra Fano antireso-
nance to the conductance. Besides, the conductance dis-
plays four resonances while tdue to the breaking of the
degeneracy of the resonances. For instance, for ∆ = 0.1Γ
a sharp antiresonance appears at εf = 0 due to the quasi-
BIC and the resonance around εf = 0 splits in two res-
onances. This split grows as ∆ increases (∆ = Γ) as
we can see in Fig.3. The separation between resonances
grows and the width of the lateral Fano line shapes de-
creases with ∆. In fact, Fig.5 displays as ν2α evolves with
∆. On one hand, ν21 (solid black line) vanishes at ∆ = 0
and grows as ∆ increases and saturates for ∆ ≫ Γ. On
the other hand, ν22,3 decreases almost quadratically with
∆ and tends to zero for the unphysical limit ∆ → ∞.
In this limit, two of the molecular states become BICs.
However we can see from Figs.3 and 5, for approximately
that for ∆ ∼ 3Γ these two states become quasi BICs.
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FIG. 5. (Color online) Square effective coupling (ν2α) as a
function of ∆.
In presence of a magnetic field, the spin degeneracy
is broken and the conductance becomes spin dependent.
Fig.6 displays the spin dependent conductance as a func-
tion of the Fermi energy for two values of magnetic field,
εz = 0.1Γ (upper panel) and εz = 0.05Γ (lower panel)
with ∆ = 0.2Γ. By adjusting ∆ and magnetic field, it
is possible to control the position and width of the res-
onances and antiresonances in the conductance. This
property can be used in order to produce a high spin-
polarization, turning a resonance for one spin with the
antiresonance for the opposite spin. In fact, Fig. 7 dis-
plays the spin-polarization for two values of the magnetic
field, εz = 0.1Γ (lower panel) and εz = 0.05Γ (upper
panel) for fixed ∆ = 0.1Γ. We can observe that the
system shows optimal spin-polarization in a wide energy
range.
In order to show the robustness of the high spin-
polarization under changes of the parameters of the sys-
tem, Fig.8 displays a contour plot with the weighted spin-
polarization in the space of the parameters ∆ and Zee-
man energy εz for a fixed Fermi energy (εf = −0.1Γ).
This demonstrates that the spin-polarization filtering ca-
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FIG. 6. (Color online) Spin dependent conductance as a func-
tion of the Fermi energy, σ = ↓ (dashed red line) and for σ = ↑
(solid black line). The upper panel corresponds to εz = 0.1 Γ
and the lower panel to εz = 0.05 Γ. Here we have same con-
siderations than Fig. (3), but ∆ = 0.35 Γ.
pabilities of our device can be made optimum (∼ 100%)
within a wide range of parameters.
IV. SUMMARY
In summary, we have studied the formation of bound
states in the continuum in a side attached quantum dot
molecule dot. We show that the bound states in the
continuum are formed by the internal interference in the
quantum dot molecule. Besides we propose a novel spin
filter device based on the combination of bound states
in the continuum and Fano effect. Assuming perfectly
coherent transport, we have demonstrated that the spin-
polarization filtering capabilities of our device can be
made optimum (∼ 100%) within a wide range of param-
eters (Fermi energy and applied magnetic field). It is
important to emphasize that the proposed system can
exhibit high spin polarization even for very weak mag-
netic fields.
V. APPENDIX
In this section, we show the re-normalization process
used to obtain the effective model shown in Fig.1 (lower
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FIG. 7. (Color online) Weighted spin-polarization for σ = ↓
(dashed red line) and for σ = ↑ (solid black line), for ∆ = 0.1 Γ
and Zeeman energy εz = 0.1 Γ (lower panel)and εz = 0.05 Γ
(upper panel).
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FIG. 8. (Color online) Weighted polarization at the energy
εf = −0.1Γ in the space of the parameters ∆ and B
panel).
By using the Dyson’s equations for the Green’s func-
tions we can obtain a set of equation for the model indi-
cated in Fig. 1. In first place, by decimating the external
quantum dots (2 and 3) into the central quantum dot (1),
we obtain the following equations for the Green’s func-
tions,
G11 = g1 + g1 tG21 + g1 tG31 (14a)
G21 = g2 tG11 (14b)
G31 = g3 tG11 , (14c)
so we have G11
G11 =
1
ε− ε1 −
t2
ε−ε2
− t
2
ε−ε3
≡ g˜1 , (15)
we note that
ε˜1 ≡ ε1 − t
2[(ε− ε2)
−1 + (ε− ε3)
−1] , (16)
and
Σm(ε) =
ν2
ε− ε˜1
. (17)
Now we decimate the normalized lateral part with the
embedded QD in a continuum (QD0), so we have
G00 = g0 + g0 ν G˜10 (18a)
G˜10 = g˜1 ν G00 . (18b)
From above equations and considering the Zeeman’s
effect, we obtain the Eq.6.
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